(N 



New examples of if-monotone 
weighted Banach couples 

Sergey V. Astashkin* Lech Maligranda^ 
and Konstantin E. Tikhomirov* 



O 

CN [ Abstract 

Some new examples of A-monotone couples of the type (A, X(w)), where X is a symmetric 
space on [0, 1] and w is a weight on [0, 1], are presented. Based on the property of the w- 
decomposability of a symmetric space we show that, if a weight w changes sufficiently fast, all 
symmetric spaces X with non-trivial Boyd indices such that the Banach couple (X, X(w)) 
, is A'-monotonc belong to the class of ultrasymmetric Orlicz spaces. If, in addition, the 

["T i ' fundamental function of X is t 1 l' p for some p <G [l,oo], then X = L p . At the same time a 

^ (-h Banach couple (X, X(w)) may be A-monotone for some non-trivial w in the case when X 

is not ultrasymmetric. In each of the cases where X is a Lorentz, Marcinkiewicz or Orlicz 
space we have found conditions which guarantee that (X, X(w)) is A-monotone. 



^ ; 1 Introduction 

^ ! One of the fundamental problems in interpolation theory is to find a description of all 

interpolation spaces between two fixed Banach spaces A and Xx, which form a Banach 
\q ; couple X = (Xo,Xi), i.e., the description of all intermediate Banach spaces X with 
respect to X such that every linear operator T : X — > X maps X into X boundedly. 

An important role in the interpolation theory is played by the K -monotone spaces 
between fixed Banach spaces A and Ax, which are defined as follows: if x £ X, y £ 
X + Xi, and the inequality 

c3 : K{t, y; X Q , Ax) < K(t, x; A , X ± ) holds for allt > 

then y £ A and \\y\\x < C||x||jf for some constant C > 1 independent of x and y. Here 

K(t,x;X ,Xx) = inf{||xo||x + ^ll^ilUi : x = x + xi,x e X ,xi £ AJ 

is the classical A-functional of Peetre. 
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A couple X = (Xq,Xi) is called K-monotone (or Calderon-Mityagin couple) if all 
interpolation spaces between Xq and X\ are i^-monotone. 

By a theorem due to Brudnyi and Krugljak (9j Theorem 4.4.5] all interpolation spaces 
with respect to a i^-monotone Banach couple (X ,Xi) can be represented in the form 
X = (Xq, Xi)§ , where $ is a Banach lattice of measurable functions on (0, oo) and 

IMI(x ,xi)£ = ll^(->z;^o,^i)ll<i>- 

Moreover, even if (Xq,Xi) is not .ff-monotone, every interpolation space X with respect 
to (XqjXi) which happens to be a i^-monotone space satisfies X = (Xq,X{)^ for some 
suitable $, and of course this is only up to equivalence of norms ( Brudnyi and Krugljak 
[HI Theorem 3.3.20]). Therefore, the problem of finding new examples of K- monotone 
couples or .ff -monotone spaces becomes very important. 

Calderon [10] and independently Mitjagin [26] proved that the couple (Li^L^) is K- 
monotone. Several years later Sedaev and Semenov [33] proved that a weighted couple 
(Li(wo), Li(wi)) is i^-monotone (cf. also Cwikel-Kozlov [13] for another proof) and then 
Sedaev [32] generalized this result to the couples of the form (L p (wo), L p {w\)) (1 < p < 
oo). Finally, Sparr [35], [36] showed that (L p (w ), L q {wi)) is a J^-monotone couple for 
< p,q < oo. There are other proofs of Sparr's result, for example, in papers of Dmitriev 
HZ], Cwikel [II] and of Arazy-Cwikel 0. 

In [15], Cwikel and Nilsson considered the problem of i^-monotonicity from a some- 
what different point of view. Namely, they studied the problem when a weighted Banach 
couple (X(w ), Y(wi)), with X, Y being separable Banach lattices with the Fatou prop- 
erty on a measure space (fi, S, /x), is i^-monotone for all weights Wq, W\ on Q. They proved 
that this can happen if and only if X = L p (vq) and Y = L q {vi) for some weights t>o,t>i 
and some numbers 1 < p, q < oo. In their proof the concept of a decomposable Banach 
lattice on a measure space is essentially used. A Banach lattice X is called decomposable 
if for any convergent series Y^n=i fn i n X with pairwise disjoint /„ (n = 1, 2, . . . ) and any 
(formal) series Y^=i 9n, 9n e X, \\g n \\x < \\fn\\x (n = 1, 2, . . . ), such that all g n are pair- 
wise disjoint, we have Y^=\9n £ X and lE^i^llx — ^ IE^°=i fn\\ x w hh a constant 
C independent of f n , g n . This notion or some variants of it were introduced earlier by 
Cwikel [12] and Cwikel-Nilsson [T4]. 

Note that the problem of i^-monotonicity of weighted couples (X(wo), Y(wi)) can be 
reduced to considering couples of the form (X, Y(w)). Therefore, in what follows, we will 
examine couples with one weight only. We will say that a weight w is non-trivial if either 
w or 1/w is unbounded. 

In [3Z], the concept of w-decomposability of a Banach lattice, which generalizes in a 
sense the previous one due to Cwikel, was introduced. A theorem proved in [3Z] states 
that, whenever X is a Banach lattice with the Fatou property, the couple (X,X(w)) 
is i^-monotone if and only if X is w-decomposable (see Theorem 13.11 below in Section 
3). Earlier Kalton [TB] showed that in the case of symmetric sequence spaces with the 
Fatou property the i^-monotonicity of a couple (X,Y(w)) for some non-trivial weight 
w implies that X = l p and Y — l q for some 1 < p, q < oo (note, however, that there 
exist examples of shift-invariant sequence spaces X with the Fatou property, such that 
(X, X{2~ k )) is K-monotone but X is not isomorphic to l p for any 1 < p < oo 0, [B]). 
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Tikhomirov's theorem from [37] allows us to examine whether the result of Kalton extends 
to symmetric function spaces. We will see that this is not the case and the situation here 
will be essentially different. 

The paper is organized as follows. After the introduction, in Section 2, some necessary 
definitions and notations are collected. In the first part, we recall necessary information 
about symmetric spaces on [0, 1] and then, in the second part, regularly varying convex 
Orlicz functions on [0, oo) and regularly varying quasi-concave functions on [0, 1] are 
discussed. 

In Section 3 we consider the notion of a ^-decomposable Banach lattice, which plays 
a central role in these investigations. Using the Krivine theorem we show that it can be 
essentially simplified in the case of symmetric function spaces. Namely, we prove condition 
(Q which means that for any w-decomposable symmetric space X there exists p6 [1, oo] 
(depending on A) such that X has, roughly speaking, both "restricted lower and upper 
p-estimates" . In particular, its fundamental function ip satisfies condition (fT3|) for some 
p, which means that the function ip p is "almost additive" near zero. 

Section 4 contains results on the u>-decomposability of Lorentz and Marcinkiewicz 
spaces on [0, 1]. If <p is a concave increasing function on [0, 1] with 7^ > and 1 < p < 00, 
then the couple (A, A(u>)) with X = A Pi¥ ,([0, 1]) and a given non-trivial weight w is K- 
monotone if and only if condition (10) holds. This couple is A-monotone for some weight 
w if and only if ip is equivalent to a regularly varying function at of order p. Moreover, 
for any weight w on [0, 1] we can construct a concave function tp on [0, 1] such that the 
couple (X,X(w)) with X = Ai^QO, 1]) is A-monotone and A 1>tp ([0, 1]) ^ Li[0, 1]. 

We obtain analogous results for Marcinkiewicz spaces, as a consequence of a new 
duality theorem which is of independent interest. It states that under suitable mild 
conditions on a Banach lattice X, the weighted couple (X,X(w)) is A-monotone if and 
only if the couple (X',X'(w)) is A-monotone, where X' means the Kothe dual to X. 

Section 5 deals with conditions of w-decomposability of Orlicz spaces Lp[0, 1]. It is 
shown, in Theorem 6, that if an Orlicz function F satisfies the A 2 -condition for large 
arguments, then Lp[0, 1] is ^-decomposable if and only if it satisfies some restricted p- 
upper and p- lower estimates (see condition fl32l) ). Moreover, it is proved, in Theorem 7, 
that if an Orlicz function F is equivalent to an Orlicz function which is regularly varying 
at 00 of order p G [1, 00), then the Orlicz space Lp = Lp[0, 1] is w-decomposable for some 
weight w on [0, 1] and therefore the couple (Lf, Lf(w)) is A-monotone. 

Finally, in Section 6, we prove that if a symmetric space A on [0, 1] with non-trivial 
Boyd indices is w-decomposable with respect to a weight changing sufficiently fast, then A 
is an ultr asymmetric Orlicz space. The result implies that, for such a weight w, every A- 
monotone couple (A, X(w)) with X having the Fatou property must be an ultrasymmetric 
Orlicz space. Moreover, if its fundamental function is of the form tpx{t) = t 1 ^ for some 

1 < p < 00, then X = L p . 

2 Preliminaries 

Let us collect necessary information and results, in two parts, on symmetric (rear- 
rangement invariant) spaces and regularly varying functions. 
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2a. Symmetric spaces. Let (Q, £, /i) be a complete cr-finite measure space and 
L° = L°(Q) be the space of all classes of //-measurable real- valued functions defined on Q. 
A Banach space X = (X, \\ ■ \\x) is said to be a Banach lattice on Q if X is a linear subspace 
of L°(Q) and satisfies the so-called ideal property, which means that if y G X, x G L° and 
\x(t)\ < \y(t)\ for //-almost all t 6 O, then x G X and < IMIx- We also assume that 

the support of the space X is fl (supp X = Q), that is, there is an element x G X such 
that xo(t) > /i-a.e. on f2. 

We will say that X has the Fatou property if < x n t x £ £° with x n G X and 
sup ngN ||a; n ||x < oo imply that x £ X and ||x n |U t \\ x \\x- 

A Banach lattice X is said to be p-convex (1 < p < oo), respectively q-concave 
(1 < q < oo), if there is a constant C > such that 

n n 
fc=l k=l 

respectively, 

n n 
k=l k=l 

for any choice of vectors x±, X2, ■ ■ ■ , x n in X and any neff. If in the above definitions vec- 
tors Xi, x 2 , ■ ■ ■ , x n G X are pairwise disjoint, then X is said to satisfy an upper p-estimate 
and lower g-estimate, respectively. Of course, p-convexity implies upper p-estimate and 
g-concavity implies lower g-estimate of a Banach lattice X. More properties can be found 
in the book |22] . 

Let w be a weight on (f2, £,//), i.e., positive finite a.e. function, and let X be a 
Banach lattice on Then the weighted space A" (to) on £,/f) is defined by 

X{w) = {x G : ot; G X} with the norm ||x||xo) = ll^^llx- 111 what follows, we 
will always suppose that the weight w is non-trivial, that is, w or 1/w is an unbounded 
function on S, fi). 

For two Banach spaces E and F the symbol E ^ F means that the embedding E C F 
is continuous with the norm which is not bigger than C, i.e., \\x\\f < C||^||_b for all x G E. 

By a symmetric space (symmetric Banach function space), we mean a Banach lattice 
X = (X, || • \\x) on I = [0, 1] with the Lebesgue measure m satisfying the following 
additional property: for any two equimeasurable functions x, y G L°(I) (that is, they 
have the same distribution functions d x (X) = d y (X), where d x (X) = m({t G / : \x(t)\ > 
A}), A > 0) the condition x G X implies that y G X and \\x\\x = \\y\\x- m particular, 
\\x\\ x = \\x*\\x, where x*(t) = inf{A > 0: 4(A) <t}, t> 0. 

Recall that a non-negative function if : [0, 1] — > [0, oo) is called quasi-concave if it 
is non-decreasing on [0,1] with f(0) = and if is non-increasing on (0,1]. The 
fundamental function (fx of a symmetric space X on J is defined by the formula <fix{t) = 
\\X\o,t]\\x,t G /. It is well known that every fundamental function is quasi-concave on 
/. Taking (f>x{t) '■= inf se ( ,i)(l + ^)(px(s) we obtain a concave function (px satisfying 
tyx{t) < <fix{t) < 2ifx{t) for all t G /. For any quasi-concave function ip on / the 
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Marcinkiewicz space M v is denned by the norm 



1 f* 

\x\\ M = sup ip[t)x (t), x it) = - / x*(s)ds. 
te/,t>o t J 



This is a symmetric space on / with the fundamental function ^Pm if) — f(t) and X A- 
M ipx . The fundamental function of a symmetric space X = (X, \\ ■ \\x) is not necessarily 
concave but we can introduce an equivalent norm on X in such a way that the fundamental 
function will be concave (take \\x\\ x = max(||x||x, II^Hm^X x G X). 

For any symmetric function space X with a concave fundamental function (p = tpx 
there is also the smallest symmetric space with the same fundamental function. This 
space is the Lorentz space given by the norm 

IMk = Jx*(t)d<p{t) := <^(0 + )|M| Lco(/) + Jx*(t)<p'{t)dt. 

We have then embeddings A tpx X <->■ M ipx . A non-trivial symmetric function space X 

on I = [0, 1] is an intermediate space between the spaces L\(I) and L 0O (J) and L^I) c -> 

X -4 where C x = <fx(l),C 2 = l/<fix(l) (see [7], Corollary 6.7 on page 78 or 

Theorem 4.1 on page 91 of [2T] for a similar result when the underlying measure space is 
(0,oo).) 

The lower and upper Boyd indices ax resp. (3x and the dilation indices ix resp. 5x 
of a symmetric space X on I = [0, 1] with the fundamental function ifx = are defined 
as follows: 

r In \Wt \\x-^x n v ]n\\a t \\x^x , x i i±\ i i±\ 

ct x ■= hm — , p x ■= hm — , a t x{s) = x(s t)xi{s/t) 

t^o+ tat t^oo int 

and 

ln</?(t) . ln.{p(t) , . V>(st) 

lx ■= l v = Inn -pH ^ := 5 V = ton -pH £ * = sup 

t^o+ Int f^oo hit s,stei ^l 5 ) 

We have the relations < a x < lx < 5 X < Px < 1 (see [2]], pp. 101-102 and [21], p. 
28). 

A function F : [0, oo) — > [0, oo) is called an Orlicz function if it is convex and increasing 
with F(0) = 0. For a given Orlicz function F the Orlicz space Lp = Lp(I) on I = [0, 1] 
is defined as 

Lp(I) = {x G L°(I) : Ip(cx) < oo for some c = c(x) > 0}, 

where 7 F (x) := j\ F(\x{t)\)dt. The Orlicz space Lp is a symmetric space on / with the 
so-called Luxemburg-Nakano norm defined by 

\\x\\ Lf = inf {A > : I F {x/\) < 1} . 

An Orlicz function F satisfies the ^-condition for large u if there exist constants 
C > 1, u > such that F(2u) < CF(u) for all u > w - 
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Q 

The following notation will be used throughout the text: / ~ g means that the 
functions / and g are equivalent with the constant C > 0, that is, C~ 1 f(t) < g(t) < Cf(t) 
for all points t of the whole set on which these functions are defined, or at all points of 
some explicitly designated subset of that set. In the case when the constant of equivalence 
is not important we will write just / « g. By [r] we will denote the integer part of a real 
number r. 

More information about Banach lattices and symmetric spaces can be found, for ex- 
ample, in [7], [21] and [22]; about Orlicz spaces one can read e.g. in [20] and [25] . 

2b. Regularly varying convex and concave functions. An Orlicz function F on 
[0, oo) is called regularly varying at oo of order p (1 < p < oo) if 

lim = u p f or a ll u > . (1) 

t^oo F{t) y ' 

The following result is due to Kalton [181 Lemma 6.1]. 

Lemma 2.1. Let F be an Orlicz function. The following three conditions are equivalent: 

(a) F is equivalent to a regularly varying Orlicz function at oo of order p £ [1, oo). 

(b) There exists a constant C > such that for any u £ (0, 1] we can find t = to(u) 
with 

w v? for all t > t . 

F(t) 

Although we do not need it here, there is an analogous definition to the one above for 
Orlicz functions which are regularly varying of order p at instead of at oo (see e.g. |18j). 
However, we do need to consider quasi-concave functions which are regularly varying of 
order p at 0. Before recalling the definition of these we should point out that it is not quite 
analogous to the definitions for regularly varying Orlicz functions, because the power p 
which appeared in (|T|) and in the corresponding definition in [TB] will be replaced in fl5]) 
by the power 1/p. 

A function (p : [0, 1] — > [0, oo) which is quasi-concave and satisfies <p(0) = is said to 
be regularly varying at zero of order p (1 < p < oo) if 

lim = u Vp f or a ll u > . (2) 

t^o+ <p(t) 

Abakumov and Mekler [TJ Theorem 5] proved that a quasi-concave function cp is equiv- 
alent to a quasi-concave regularly varying function at zero of order p £ [1, oo] if and only 
if 

lim sup ^ r- ~ u 1 ^ for all u > 0. 

The following lemma is an immediate consequence of this result (see also the proof of 
Theorem 5 in [I]). 
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Lemma 2.2. A quasi-concave function tp on [0, 1] is equivalent to a quasi-concave function 
which is regularly varying at zero of order p G [1, oo] if and only if for some C > and 
any N G N there exists t(N) G (0, 1] such that for all < t < t(N), < tN < 1 we have 

^# £ N*. (3) 

Recall that the fundamental function of an Orlicz space Lp on [0, 1] with the Luxemburg- 
Nakano norm is PL F if) = F-^i/t) for < t < 1 and (p Lp (0) = 0, where F" 1 is the inverse 
of F (see formula (9.23) in (20] on page 79 of the English version or Corollary 5 in [25] 
on page 58). The function tpL F is quasi-concave but not necessarily concave on [0, 1] (see 
[H] or [25]). 

The notions of regularly varying Orlicz and quasi-concave functions are closely inter- 
related. Using Lemmas 12.11 and 12.21 and routine arguments we establish the following 
quantitative result showing a connection between an regularly varying Orlicz function F 
and the fundamental function of the corresponding Orlicz space Lp. 

Proposition 2.3. Suppose that p G [l,oo) and let F be an Orlicz function such that 
both F and its complementary function F* satisfy the ^-condition for large u. Then the 
following conditions are equivalent: 

(a) There exists a constant C > such that for any N G N there exists t(N) G (0, 1] 
with 

F(n) r> 

- I \ . . « N for all u > F" 1 (l/r(iV)). (4) 
F{uN-Vp) - k / k jj v ) 

(b) There exists a constant C > such that for any N G N the fundamental function 
ifi F satisfies condition ([3]) with the same t(N). 



3 tu— decomposable Banach lattices 

Later on C will denote a constant whose value may be different in its different appear- 
ances. 

The following notion was introduced in paper [37] and it will be very important for 
us. Let X be a Banach lattice on (Q, and w be a weight on Q. We say that X 
is w -decomposable if there exists C > such that for any n G N and for all xi, . . . ,x n , 
yi, . . . , y n in X satisfying the conditions: 

\\xi\\x = \\yi\\x, i = 1,2, ... ,n, (5) 

and 



inf w(supp Xi U supp y.i) > 2 sup w(suppxj + i U supp yi+i), i = 1, 2, . . . , n — 1, (6) 
we have that 

n n 



i=i i=i 
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To clarify the meaning of condition ([6]), consider the following example: let X be a 
Banach lattice of Lebesgue measurable functions on [0,1] and w(t) = 1/t (0 < t < 1). 
Then ([6]) is equivalent to the following inequality 



2 sup(supp Xi U supp i/i) < inf (supp Xi+i U supp yi+i), 



= l,2,...,n-l. 



In other words, there are some intervals [aj,6j] C [0,1] (depending on Xi, Hi) such that 
2k < a i+ i (i = 1,2, . . . ,n - l),suppx; C [a^foj and suppy, C [a u bi] (i = 1,2, ...,n). 

It is not hard to see that 1/t-decomposability is equivalent to l/t 9 -decomposability 
and, more generally, w-decomposability and u^-decomposability are equivalent for any 
weight w and any q > (see [38], Corollary 2.2 on page 61). 

It turns out that the w-decomposability of a Banach lattice X guarantees the K— 
monotonicity of the weighted couple (X,X(w)). More precisely, Tikhomirov in [37] ob- 
tained the following generalization of Kalton's results from [T8j . 



Theorem 3.1. Suppose X is a Banach lattice on a a-finite measure space (Q, S,/i) with 
supp X = Q which has the Fatou property and w is a (non-trivial) weight on Q. Then the 
Banach couple (X,X(w)) is K -monotone if and only if X is w -decomposable. 

In the case of symmetric spaces on [0, 1] the notion of w-decomposability can be 
clarified by using the well-known Krivine theorem. 

Proposition 3.2. Let w be a weight on [0,1]. A symmetric space X on [0,1] is w- 
decomposable if and only if there exist C > and 1 < p < oo such that for any n G N 
and for all x±, X2, ■ ■ ■ , x n £ X satisfying the conditions 

inf w(suppxj) > 2supu>(suppxj + i), 1 < i < n — 1, (8) 

we have that 

E 



n 

^ i 

i=l 



C 



1/p 

ElNIx) , (9) 



X \ *=1 

where, as usual, in the casep = oo the right hand side should be replaced by ma.xi<i< n \\xi\\x- 

Proof. By Krivine's theorem (see [221 Theorem 2.b.6] or [31]), there exists p e [1 /fix, ^/ a x] 
such that for every m G N there are pairwise disjoint equimeasurable functions y±, y2, ■ ■ ■ , y n , 
G X, \\yk\\x = 1 (k = 1, 2, . . . , m), such that for any G M (k — 1, 2, . . . , m) we have 

2llMII P < V < 2 \\M\\ P . (io) 



fc=i 



v 



Obviously, the support of each function y^ has measure not greater than 1/m. 

Suppose that a symmetric space X is ^-decomposable and that, for some n G N, 
functions x±, . . . , x n in X satisfy condition ([8]). Without loss of generality we may assume 
that Xi ^ for each i — 1, 2, . . . , n. We choose m G N sufficiently large so that the support 
of each x^ has measure greater than 1/m (and so of course we also have m > n). For this 
choice of m we consider the disjoint measurable functions y±, y 2 , ■ ■ ■ , y m , \\yk\\x — l(k — 
1,2, .. . ,m), obtained as it is described in the previous paragraph. In fact, we will only 
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need the first n of these functions, and we will only need special case of ([TO]) for sequences 
(a k ) which satisfy a k = for k > n. We may assume without loss of generality, that the 
support of yi is contained in the support of Xi for each % = 1, 2, . . . , n. (If not, since X is 
symmetric, we can simply replace each by an equimeasurable function which has this 
property and the above mentioned special case of (TlOT) will remain valid.) Thus condition 
dHJ) implies that condition <^ is satisfied and therefore, applying w-decomposability (see 
(III)) and then the special case of ([TO]) , we obtain that 



n n 



, x i X 

i=l i=l 



^ \\xA\x x U x 



for all choices of real numbers ctj. In particular, when ctj = we obtain (Q. Since 

the reverse implication is obvious, the proof is complete. □ 

For a given weight w consider the sets 

M k := {t £ [0, 1] : w(t) £ [2 fc , 2 fe+1 )}, k £ Z. 

Let (w r )^ 1 be the non-increasing rearrangement of the sequence (m(M fc ))^l 00 . Since the 
weight w is non-trivial it follows that w r > for all r = 1, 2, . . . . 

For some fixed n £ N, let Xi, X2, ■ ■ ■ , x n be functions in X. Suppose first that these n 
functions satisfy condition Then it is easy to see that 

card{i : M k PI suppXj ^ 0} < 1 for each k £ Z. 

Alternatively, more or less conversely, suppose that the functions Xj satisfy 

card{/c : M k PI supp Xj 7^ 0} < 1 for each i £ {1, 2, ... , n}, 

i.e., for each z, there exists a unique ki £ Z for which suppxj C M^.. Furthermore, 
suppose k\ < k2 < . . . < k n . While this is not sufficient to imply that the collection of 
functions X\, X2, ■ ■ ■ , x n satisfies condition ([8]), it does imply that (after relabelling) the 

collection of functions Xi, X3, x$, . . . satisfies ([8]) and so does the collection X2, X4, 

By {Mr}™! we will denote any rearrangement of the sets M k (k = 0, ±1, ±2, . . .) such 
that m(M r ) = w r ,r = 1,2,.... Thus, by Proposition 13.21 we obtain the following result. 

Theorem 3.3. Suppose w is a non-trivial weight on [0, 1]. A symmetric space X on [0, 1] 
is w- decomposable if and only if there exist C > and 1 < p < 00 such that for any n £ N 
and for all x±, X2, ■ ■ ■ , x n £ X satisfying the condition 

suppxj C M,j, 1 < i < n, (11) 

we have <Q. 

Next, we will need some corollaries of Theorem 13.31 Firstly, using the symmetry of 
the norm in X, we get 
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Corollary 3.4. Let w be a non-trivial weight on [0, 1]. A symmetric space X on [0, 1] is 
w -decomposable if and only if there exist C > and 1 < p < oo such that for any ngN 
and for all pairwise disjoint xi, X2, ■ ■ ■ , x n G X satisfying the condition 

m(suppxj) < Wi, 1 < % < n, (12) 

we have fl9]). 

Corollary 3.5. A symmetric space X on [0, 1] is w- decomposable for some non-trivial 
weight w on [0, 1] if and only if there exist C > 0, 1 < p < oo, and a sequence of disjoint 
intervals {A*,}^ from [0,1] such that for any n G N and for all Xi,x 2 , ■ ■ ■ ,x n G X 
satisfying the condition suppx, C A; (1 < i < n) we have 

Corollary 3.6. Let w be a non-trivial weight on [0, 1] and let the sequence (w r )'^L 1 be 
as above. Suppose that X is a w -decomposable symmetric space X on [0, 1] with the 
fundamental function <p. Then there exist some C > and p G [1, oo] such that, for every 
sequence of reals (r r )^ 1 satisfying < r r < w r (r G N) , we have 



oo 

/\-^ \ C 




Hl^Tr)* (Xyfo)) (13) 
r=l 

with the natural modification for p = oo. 

Corollary 3.7. Let w be a non-trivial weight on [0, 1] such that a symmetric space X on 
[0, 1] is w- decomposable. Then there exist C > and 1 < p < oo such that condition ([3]) 
is fulfilled with r(N) = wn (N G N). In particular, the fundamental function (p of X is 
equivalent to a regularly varying function at zero of order p and ax — 7<^ = o~ip — fix — 1 /p- 

Proof. First we note that condition ([3]) is an immediate consequence of ([13]) . Moreover, 
it is well known that the assertion of Krivine's theorem holds for both p = 1/ctx and 
p = l/Px (see [221 p. 141], (31j and [3]). Therefore, coincidence of the Boyd indices 
and dilation indices follows from an inspection of the proof of Proposition 13.21 and the 
inequalities a x < 1 9 < 6 V < fix (cf. [2H P- 102] and [21 p. 28]). □ 

Let us show that, conversely, f fT3l) can be derived from ([3]) with r{N) = wn for a large 
class of weights w. 

Theorem 3.8. Let w be a weight on [0, 1] such that qw r+ i < w r (r = 1, 2, . . . ) for some 
q > 1 and let ip be a quasi-concave function on [0, 1]. Suppose there exist C > and 
1 < p < oo such that ip satisfies ([3]) with t(N) = wn (N = 1,2,...). Then, for any 
sequence of reals (t;.)^ such that < r r < w r (r = 1, 2, . . . ), estimate (|T3|) holds. 

Proof. We present the proof for 1 < p < oo since the case p = oo needs only minor 
changes. 

Firstly, it is easy to see that condition ((3]) can be extended as follows: we can find a 
(possibly different) constant C > such that for every real z > 1 and t(z) := t([z]) we 
have 

^ « if < t < t(z). (14) 
<p(t) 
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Let us show that for every m G N there is a constant C(m) > such that for all even 
N G N satisfying the inequality N rn < q N l 2 and all z G [1, AT] we have 

Lp(z m t) cm , 

« ^ m/p if < t < r AO. (15) 

In fact, by the assumption, r(N/2) > q N ^ 2 r(N), whence 

z k t < z m t < N m r(N) < q N/2 r(N) < r(N/2) < 1 (k = 0, 1, . . . , m) 



provided that t < t(N). Therefore, using the quasi-concavity of <p and equivalence ([14 
for max(l,2/2) we obtain that 



(p(z k ~H) (p(z k -H) 

with a constant of equivalence depending on p. Multiplying these relations for all k = 
1,2, ... ,m, we come to ( IT5"1) . 
Next, let 

</?°(s) = limsup for s > 0. 

Clearly, condition ( !T4~|) implies ^°(s) ~ s x / p (s > 0). On the other hand, in view of Boyd's 
result [H] (see also [Ml Theorem 2.2]) ^°(s) > s 7v if < s < 1 and Tp°(s) > s 5 ^ if s > 1. 
Since 7^ < 5^ it follows that 7^ = 5^ = - > 0. Therefore, there exist A > and k > 
such that 

sup < At K for all < t < 1. (16) 

o<s<i <p{s) 

Let us prove that ( fl3l) is a consequence of ( Tl~5l) and ( Tl~6|) . Take a natural number 
mo > 2 such that ktrq > 1 and consider an arbitrary sequence (r r )^ =1 satisfying r r < 
u> r ,r = 1,2,.... Since the non-increasing rearrangement (r*)^ of this sequence also 
satisfies r* < uv for r = 1,2,... we can assume without loss of generality that the 
sequence (r r )^l 1 is itself non-increasing. Further, set I = {r G N : r r r m ° > r{\, J = N\ J. 
Clearly, 1 G J. By (TIB]) and the choice of m , 



00 00 

K$» ^ - A (E^ m °) K ^) ^ ^(n). 



r6J r=2 r=2 

Analogously, 



$> p (r r ) < ^^ P (n/r mo ) < A^r^V^i) < C 2 ^(n). 



r£j r=2 r=2 



Thus, it is sufficient to prove equivalence ( Fl3l) for (r r ) re /. 

If card / < 00 then there is nothing to prove. So, assume that card / = 00. Choose 
a positive integer iq G /, z'o > 2 such that for A" = 2 [z'o/2] we have A^™ -0 < q N ^ 2 . Denote 
S r = (tv./tJ 1 /™ for r G /n{l, 2, . . . , i }. Then, by the definition of /, 5 r < (n/r^) 1 ^ < 
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iq < 2N. Applying f|T5|) in the case m = mo, z = max(l, 5 r /2) for all r e J, r < zo ; we get 



with a constant of equivalence depending on mo and p. The last formula implies that 

E ✓<*)«^ E 
re/n{l,2,...,j } *° r6/n{l,2,...,i } 

/ \V(rao+l) 

On the other hand, setting 5 := ( Z/re/n{i,2,...,i } T r/ T io) we § et 

/ ^-^ \l/(mo+l) 

5 < ( J] Ti /^ j < 

r£/n{l,2,...,i } 

Therefore, again by f lT5|) . we obtain 

£ r r = ^+V(r, )«^ mo+1 r io ) = ^( £ 
10 re/n{l,2,...,i } re/n{i,2,. ..,jo} 

with a constant depending on mo and p. Combining the above formulas and noting that 
can be arbitrarily large, we conclude that equivalence (fT3l) holds and the proof is 
complete. □ 

Theorem 13.81 allows us to construct non-trivial quasi-concave functions satisfying con- 
dition (fT3"]l . for a large class of weights. For example, let w(t) — 1/t (0 < t < 1). In 
this case w r = 2~ r , r = 1,2,... Define cp(t) = t log | (0 < £ < 1). Obviously, cp is 
quasi-concave. Elementary calculations show that is fulfilled for if with p = 1 and 
r (JV) = wtv = 2 _JV (N = 1, 2, . . .). Thus, by Theorem EH ip satisfies (JT3J. 



4 k;— decomposable Lorentz and Marcinkiewicz spaces 

For 1 < p < oo and any increasing concave function </?, </?(0) = 0, the Lorentz space 
A Pi¥ , consists of all classes of measurable functions x on [0, 1] such that 

( r 1 dt\ 1/p 
IMk,= hf [x*(tMt)f 7 J <oo. 

The space A PiV;) was investigated by Sharpley [34J and Raynaud [30J, who proved that if 
< j,p < 6^ < 1, then A p ^ is a symmetric space on [0, 1] with an equivalent norm 

where = | f Q x*(s)ds (cf. [31], Lemma 3.1). Moreover, if 7^ > 0, then applying 

Corollary 3 on page 57 of [21] to the function ip = ip p (1 < p < 00) (see also [24"| Theorem 
6.4(a)]), we obtain that there exists a constant K = K(p) > 1 such that 

#~V(<) < / ^ < isy (*) (0 < t < 1). (17) 

Jo s 
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Therefore, the fundamental function <p\ (t) is equivalent to <p(t). Inequalities (IT7|) imply 
also that, if 7^ > 0, then the space Ai iV> coincides with the Lorentz space with the 
norm »i 

\\ x \\a v / x*(t)dip(t). 



Recall also that the Kothe dual of the Lorentz space A v is isometric to the Marcinkiewicz 
space M(p with (p{t) = and its norm is 

1 f l 

\\xWmz = sup ip(t)x**(t) = sup — — \ x*(s)ds 
o<t<i o<t<i (pit) J 

(cf. [21], Theorem 5.2 on page 112). 

We will prove that condition (flBl is necessary and sufficient for Lorentz and Marcin- 
kiewicz spaces to be w-decomposable. We start by proving a specific geometric property 
of Lorentz spaces. 

Proposition 4.1. Let ip be an increasing non-negative concave function on [0,1] such 
that , -f ip > 0, and let 1 < p < 00. Then for arbitrary b > 1 there exists a constant 
C = C(b,(p,p) > with the following property: for any two-sided non-decreasing sequence 
(cLj)^-oo of reals from [0,1] such that the function x = ^-^^ & _J X( aj _ li0j ] belongs to 
A Pi¥ , ; we have 

+00 

imIa p „ « E ^V(%-%-i)- (is) 

j=-oo 

Proof. Since 7^ > 0, there exist k > and A > such that inequality ([16]) holds. Choose 
a constant Ci = C\(<p) > 1 satisfying the inequality 

^^>2K\ (19) 

where K is the constant from (TTTjl . and denote by / the set of all indices j G Z such that 
a, — Oj_i > Ci aj-i. We prove the following equivalences: 

p ^l d t^ ^[aj - a^), j G / (20) 



and, if b > G\ + 1, 



I 11^ 



^ p V(% - « e rP VK- - oi-o, (22) 

j=-oo jei 

with constants which depend only on 6, (p and p. 
At first, if j G J then, by (ITS!) and (flbj). 



> ^((Ci + 1)^-0 > (Cl ^ 1) % (a J -_ 1 ) > 2^V( aj _ 
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Combining this with (JTTj) and the inequality 

<p(a,j) < (p(cij - ctj-i) + <^(%-i) < 2 y)(aj - ay-i), (23) 

we obtain 

^ ^(a, - a^) < ± ^{a 3 ) < ±[2 ^(a,) - {2K*)* ^(a^)] 
< ±[2 ^( fli ) - 2K 2 ^(a^)] = ^ - AVfo-i) 



<< JO t Jaj-! t 

< f 3 dt < KifPfe) < 2 p Kip p ( aj - aj_i), 
Jo t 

which implies ( 120]) . 

Now, assuming 6 > Ci + 1, we show that the set / is unbounded from below. In fact, 
otherwise there is jo £ ^ such that aj — aj-i < C\dj-\ for all j < j . Then, we have 
% — (Ci + l)- 70- ' 7 (j < jo) an d by (ITT]) and the concavity of 93, 



||x||^ > supfe^' r^dt>l S up6-VK) 
- ~K sup to riajo) = °°- 

K j<jo ° PJ 

Therefore, for a given i ^ I we can find = max{j < i : j G /}. Further, from the 
definition of / it follows that a, < (Ci + l)*~ fe afc. Since <£> is concave and 2a&_i < a^, we 



< ^((d + l) 4 " fc a fc ) / 

•/ a.. 



{d+iy- k a k 



M dt 



< 2 p - 1 (C 1 + l)^ 1 )^V P " 1 (-) / —dt 

2 ,/a fc * 

< 2P-\C 1 + l) p ^if p -\^)a k ^- 

2 CLfc 



< 2 p (d + l)^- fc V P_1 (— ) / 



and so 



A fe /2 * 

< 2 p (Ci + l) p( *- fe) P 



* ^ b J Ja k _ x t 
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Since b > C\ + 1 we obtain f[2T|) . 

In a similar way, applying ( 1231) for j = k, we get 

rVK-Gi-i) < 6 _pi (Ci + i) p(i - fe V(a fe ) 

< 2? r P VK-«fe-i), 



which implies ( 122]) . 

Relations f l20|) - fl22|) imply ([18]), so we proved the statement for b > C\ + 1. To extend 
this result to all b > 1 it suffices to prove the following: whenever (1181) holds for some b > 1 
and arbitrary non-decreasing sequence (a J )^ = _ 00 with a constant C, it is automatically 
fulfilled for b 1 ^ 2 with a constant not exceeding 2 P VC. Indeed, if 

+oo +oo 

y= E &_j/2 X(<y-i,<y] an dz= E ^X(a 2j „ 2 ,a 2j ], 

j=—oo j=—oo 



then 



Mil 



e b->»* / 

=-oo 

E rP(2j_1)/2 / ^)t+ E 6_m ' / W)- 

=-oo ^a2j-2 1 j=-oo J *Zj-l 

E b ~ pj / ^)t : 



FIIa b 



j=-oo 



On the other hand, 

op Lp / 2 

so we get an analog of f fTHj) for y and & 1 / 2 and the proof is complete. □ 



Remark 4.2. For the space Ai >¥ , = A v t/je result can be proved also by using the following 
well-known formula (cf. formula 5.1 in [21] on page 108) 

+oo 
j=-oo 

Let, as above, for a given weight w,M k = {<6 [0, 1] : w(t) G [2 fe ,2 fe+1 )} (k G Z) and 
(uv)^! be the non-increasing rearrangement of the sequence {jn{Mk))^_ 00 . 

Theorem 4.3. Let (p be an increasing concave function on [0, 1] such that 7^ > 0, 1 < p < 
00 and let w be a weight on [0, 1]. Then the Lorentz space X := A Pttp is w- decomposable 
if and only if <p satisfies condition ( fl3l) . 
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Proof. If X = A p>ip is ^-decomposable then, by Corollary 13.61 the relation f JT3|) holds for 
the fundamental function tpx- Since, as it was mentioned above, ip ~ ipx, then ( Tl3l) is 
fulfilled for ip as well. 

Conversely, suppose that <p satisfies (fT3l) . Let n G N and xi, rc 2 , . . . , x n be non-negative 
functions from X satisfying ( Fl2|) . Evidently, there exist x 2 , . . . , x' n G X taking their 

2 

values from the set {2~ fc }£L_ 00 U {0} and such that Xi(t) « (0 < £ < 1). Clearly, 
ra(suppa^) = m(suppxj) < Wi (1 < z < n) and 



i=i t=i 
for all integer Therefore, applying (ITS]) , we get that 



^<^(m0 : x'(t) = 2- k }) » ^(m{t : J>^) = 2~ fc }) (* G Z). (24) 



i=l i=l 



On the other hand, Proposition 14.11 yields 

E 2~ pk <p p {m{t : aft*) = 2" fe }) (1 < % < n) (25) 



\t'\\ p 
\ x i\\X 



k=—oo 

and 



'i = l = — OO 2=1 



with a constant which depends only on <p and p. Combining relations fl25|) and (126]) with 
(124p . we obtain ((9)) for and so for x\. The proof is complete. □ 



In particular, from the above theorem and a remark after Theorem 13.81 it follows that 
the Lorentz space generated by the function <p(t) = t log | is 1/t-decomposable and 
therefore the Banach couple (A(tp), A(<^)(|)) is A'-monotone. 

Theorem 4.4. Suppose that (p is an increasing concave function on [0, 1] such that 7^ > 
and 1 < p < 00. TTie following conditions are equivalent: 

(a) there exists a weight w on [0, 1] such that the Lorentz space A p ^ is w- decomposable; 

(b) ip is equivalent to a regularly varying function at zero of order p. 

Proof. First, if X := A Piip is ^-decomposable for some weight w on [0, 1], then, by Corol- 
lary 13. 7\ as in the proof of the previous theorem, we conclude that tp is equivalent to a 
regularly varying function at zero of order p. 

Conversely, suppose that <p is equivalent to a function that varies regularly at zero with 
order p, that is, cp satisfies (jSJ) for some t(N) (N = 1, 2, . . . ). Consider a family (Mjv)jv=i 
of pairwise disjoint measurable subsets of [0, 1] such that m(M 2 ) = min(r(2), 1/4), 

m(M N ) = min(r(A0, m ^ N ~ l) ), N > 2, 

and let M x := [0, 1] \ [Jn =2 M n . Set w{t) := 2 N for all t G Mx and N G N. Clearly, 
m(Mx+i) < m(Mx)/2 (N G N). Therefore, by Theorem 13.81 (p satisfies ( Tl~3|) for any 
sequence (tn)n=i majorized by the sequence (m(Mx))x=i- To complete the proof it 
remains to apply Theorem 14.31 □ 
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It is obvious that L p -spaces (1 < p < oo) are w-decomposable for every weight w. 
On the other hand, we show that for an arbitrary weight w there exist w-decomposable 
Lorentz spaces different from L\. 

Theorem 4.5. Let w be an arbitrary weight on [0,1]. Then there exists an increasing 
concave function tp such that the space A^, is w- decomposable and A v ^ L\. 

Proof. As above, M k = {t G [0,1] : w(t) G [2 k ,2 k+1 )} for k G Z and (w r )™ =l is the 
non-increasing rearrangement of the sequence (m(M/ c ))^ ( l 00 . Define 

oo 

G(a) := minjo;, w r }, a > 0. 

r=l 

Then G(l) = 1, G(0) = and G is increasing and continuous at zero. 

Let (£jfc)fcL b e a sequence from (0, 1] such that t = 1,0 < t k < t k -i/S for > 1 and 

G(t k+1 ) < 2~H k , k = 0,1, (27) 

Then we set <p' fc (t) = max i= o,i,..., fc {2 l X[o A ](>)}, A; = 0, 1, ... and = lirm,^ <p' h (t) (0 < 
t < 1). It is easy to see that (p' k and ip' are non-increasing functions on(0, 1]. Moreover, 
since 

2 2 
tkV'(t k ) =t k 2 < -tfc-i 2 _1 = -^-^'(ijfc-i) 

it follows that 

- 2 \ * 



/l oo oo 

y/(t)dt < £y(t*)tfc < 
fc=0 fc=0 

-t 



< oo. 



Therefore, the function ip(t) := J Q p>'(s) ds is well-defined, increasing and concave on (0, 1]. 
We shall prove that the Lorentz space A v is ^-decomposable. 

In view of Theorem 14.31 it suffices to show that for some constant C > 1 and for any 
sequence of reals (d r )'^ =1 such that < d r < w r (r = 1, 2, . . . ) we have 

(oo \ oo / oo > 

$>r <5>(cZ r )<CV[X>r 
r=l / r=l \r"=l / 

Note that the left hand side of this inequality is an immediate consequence of the concavity 
of <p. Further, since (p k (t) := f*ip' k (s)ds t ip(t), then lim^oo Y,T=i Vk{d r ) = Z^Li^KO- 
Therefore, it is enough to prove that 

E Tjl k{d :\ < 3, k>0. (28) 
Noting that Yl^Li d r < t = 1, we set 



oo 

k := max jfc = 0, 1, 2, • • ■ : d r < t k | . 

r=l 
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From the definition of <pk it follows that 

' oo \ oo oo 

^>2d r J = 2 k d r = Yl ^ fe( ^) if < k < k Q . (29) 



. r=l / r=l r=l 



Since t k{)+1 < ^2 d r < t ko , then, again by the definition of (p k , 

r=l 

oo oo / oo \ 

^o+i (^) < 2 fc0+1 £ rf, < 2y? fc0+1 ^ d P . (30) 

r=l r=l \r=l / 

oo 

Let k > ko be arbitrary. The inequality E d r > t k implies that 

r=l 

(£dr J 2 fc t fc . (31) 



k r=l 



+1; 



Moreover, since 

J2 fe+1 d r = 2 ^ fe (d r ), if d r < i fc+ i 
Vfc+i(rfr) = ^ ofcjt , , , , ^ , . , 

we obtain 

oo oo oo 

^ fc+1 (d r ) - J^Mdr) = ^min(2 fc t fc+ i,2 fc 4.) < 2 fc G(t fe+1 ). 

r=l r=l r=l 

Hence, for any k > ko, by f l3Tj) and ( l2"7|) . we obtain 



^fc+l(E^ll rf r) </?fc(E^l rf r) ' <fk(J27=l d ^ 

oo 



Applying the last estimate together with ( 1291) and ( |30l) . we obtain ( 1281) . It is easy to see 
that ip(t) is not equivalent to t, and therefore A^ ^ L\. The proof is complete. □ 

Remark 4.6. Theorem can 6e easily extended to the spaces A P) ^ rt/i p G (l,oo). 
Indeed, let w be an arbitrary weight on [0, 1] and <^ fre f/ie function from the proof of 
Theorem \4-5\ Set ip := ip l ' p . Clearly, tp is an increasing concave function not equivalent 
to the function t l l p . Therefore, A p ^ ^ L p . Since relation (fT3|) is fulfilled for ip as well, 
then, by Theorem \4-3[ the space A p> ^, is w -decomposable. 

Our next goal is to prove analogous results for Marcinkiewicz spaces M v . To make use 
of the duality of Lorentz and Marcinkiewicz spaces we will need the following statement 
which is of interest in its own right. 
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Theorem 4.7. Let X be a Banach lattice on a a-finite measure space (f2,£,/i) with 
suppX = Q which has the Fatou property and w be a non-trivial weight on Q. Then the 
couple (X,X(w)) is K-monotone if and only if (X' , X'(w)) is K-monotone, where X' is 
the Kothe dual of X. 

The proof follows from Theorem 13. II proved in [37] and the following result. 

Theorem 4.8. Let X be a Banach lattice on a a-finite measure space (f2, £,/i) with 
suppX = Q which has the Fatou property and w be a non-trivial weight on Q. Then X is 
w -decomposable if and only if its Kothe dual X' is w -decomposable. 



Proof. Suppose that X is w-decomposable. Let n G N and the functions x'^, x^ • • • , x' n , 
y[, y' 2 , . . . , y' n G X' satisfy ((5]) (with the norm from X') and ([6]). Take a function x G X, 

n 

\\x\\x = 1, such that suppx C |J suppx'j and 



8=1 



n „ n 

||$>'Jx'<2 / \ Y,<{t)x{t)\d^. 

i=l J Q i=l 

Now, consider yi G X such that suppyj C suppy-, \\yi\\x = || a; Xsuppx<IU an d 

H\\x> < tt\- I \^(t) Vi (t)\dfi, l<i<n. 
WViWx Jn 

Then, according to the hypothesis, 

n n 
|| ^ViWx < C\\ ^XXsnppx'^X = C, 



i=l i=l 



and, therefore, 



8=1 J Q 8=1 j=l 8=1 ^ 

1 n 1 n 

- 2c*5Z n^iU'ibiiu = xjYI n^iU'bxsupp^iu 

8=1 8=1 

8=1 8=1 

Certainly, the same argument can be applied to get the opposite estimate. The proof is 
complete. □ 

Since M' = (cf. [2T] . p. 117) and 5^ + 7^ = 1 for any increasing concave function 
on [0, 1] (cf. [21], Theorem 4.12 on page 107 or [24], p. 28), then by Theorems KM S3 
and 14.81 we immediately obtain the following statements. 
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Corollary 4.9. Let tp be an increasing concave function on [0, 1] such that 5^ < 1 and let 
w be a weight on [0, 1]. Then the Marcinkiewicz space is w '-decomposable if and only 
if <p(t) = t/ip(t) satisfies ( 1131) with p = 1. 

Corollary 4.10. If ip is an increasing concave function on [0,1] such that 5^ < 1, then 
the space M 9 is w- decomposable for some weight w on [0, 1] if and only if ip is equivalent 
to a regularly varying function at zero of order oo. 

In the paper [18] , Kalton proved that if X and Y are symmetric sequence spaces with 
the Fatou property such that the couple (X,Y(w)) is i^-monotone for some non-trivial 
weight w, then X = l p and Y — l q with 1 < p,q < oo. The results in this section and 
Theorem 13.11 show that in the case of symmetric function spaces on [0, 1] the situation 
is completely different. The following theorems present new examples of K- monotone 
Banach couples of weighted Lorentz and Marcinkiewicz function spaces. The first theorem 
follows from Theorem 13. 1[ Theorem I4.4[ Theorem 14.51 and Remark 2 and the second one 
from Theorem 13.11 Theorem 14.81 on the duality and Corollary 14.101 

Theorem 4.11. If ip is an increasing concave function on [0, 1] such that 7^ > and 
1 < p < oo, then the weighted couple (A PjV ,, A Ptip (w)) is K -monotone for some (non-trivial) 
weight w on [0, 1] if and only if ip is equivalent to a regularly varying function at zero of 
order p. On the other hand, for arbitrary weight w on [0, 1] and 1 < p < 00 there exists an 
increasing concave function ip on [0, 1] such that the couple (A P)¥ ,, A Pjlp (w)) is K-monotone 
and Ap i¥ , ^ L p . 

Theorem 4.12. If ip is an increasing concave function on [0,1] such that 8 V < 1, then 
the weighted couple (M^, M^w)) is K-monotone for some (non-trivial) weight w on [0, 1] 
if and only if ip is equivalent to a regularly varying function at zero of order 00. 

5 w— decomposable Orlicz spaces 

As we have seen in the previous section, in order to check the property of w-decomposa- 
bility for Lorentz spaces, it is enough to consider only characteristic functions (Theorem 
14.31) . In this section we will prove that in the case of Orlicz spaces it is sufficient to 
examine scalar multiples of characteristic functions. 

As above, for a weight w on [0,1] let M k := {t G [0,1] : w(t) G [2 fe ,2 fc+1 )} (k G 
( w r)^=i be the non-increasing rearrangement of the sequence (m(M fc ))^ ( l 00 and {M r }^° =l 
denote any rearrangement of the sets M k such that m(M r ) — w r ,r — 1,2, . . . 

Theorem 5.1. Let an Orlicz function F satisfy the A 2 -condition for large u and let w 
be a weight on [0, 1]. Then, the Orlicz space Lp = Lp[0, 1] is w -decomposable if and only 
if there exists p G [1, 00) such that for any n G N, all measurable sets A k C M k and reals 
Ck (1 < k < n) we have 

n n 

11 Yl CkXA * \\ p l f ~ i' Cfc ^ w p lf ( 32 ) 
/c=i /c=i 

with a constant independent of c k ,A k (1 < k < n) and n G N. //, in addition, the com- 
plementary function F* satisfies the A 2 - condition for large u, then the w-decomposability 
of Lp implies that F is equivalent to a regularly varying Orlicz function at 00 of order p. 
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Proof. Suppose, first, that Lp is ^-decomposable. By Proposition I3.2[ there is p G [1, oo] 
such that (|9]) holds for X = Lp, which implies ( )32l) . Since F satisfies the A2-condition 
for large u > 0, then ax > 0. Therefore, by Corollary 13.71 p < oo. 

Conversely, let n G N and y k G Lp, supp?/fc C Mfe, 1 < k < n. We may (and will) 
assume that y k are positive bounded functions and 

El* = 1 - ( 33 ) 
fe=i 



Taking into account Theorem 13. 3[ we need to show that 

n 

llErf^ 1 ' (34) 
fe=i 

with a constant independent from n and y k . For each 1 < k < n we set 

IbfclUg 

2<^L F (m(supp y k )) 

and 

Vk(t) := 



j/ fc (t), if y fc (*) > c fc , 
0, if y fc (*) < c fc . 

Applying fl32l) to the functions CfcX suppj/fc and taking into account the definition of c k and 
(USD we get 



II 5ZcfcX S upp3,Jli F < C 1 ^24^ LF (m(suppy k )) p 

k=l k=l 

n 

= C 1 y jT l 2-*\\y k \\l r = 2-*C 1 . 
k=i 

Up to equivalence of norms the Orlicz space Lp = Lp[0, 1] depends only on the behaviour 
of F for large enough u > 0. Therefore, we may assume that F(2u) < C2F(u) for all 
u > 0. Then, from the last inequality it follows that 

n 

^m(supp?/ fc )F(c fc ) < C 3 , (35) 
fc=i 

where C3 is a constant independent of n and y k . Moreover, from the definition of c k and 
y k we have 

\\Vk\\L F < \\Vk\\L F and \\y k \\ LF > \\Vk\\L F - \\c k X S u PPyk \\L F = dls/klUf ( 36 ) 
Next, let us show that there is r k G [c k , sup 4 y k (t)] such that 

F(r k ) = F (-^—] I F(y k (t))dt. (37) 



\yk\\L F / Jo 
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In fact, consider the function 



F(y k (t)) 

H k(t) ■= — / ~ , t £ suppy fc . 



From the equality F( n-^ffi — )d£ = 1 it follows that 



inf H k (t) < / F[y k (t)]dt < sup tf fc (t). 
Thus, since inf y k (t) > C/t, by the continuity of F, equality (1371) holds for some r k 

tesupp y k 

from the interval [c^, sup t y k (t)]. 

Next, define £ [0, 1] (A; = 1, 2, . . . , n) as follows: 



4 = 

Clearly, by the definition of d k 



<PlI (^7^) » if IMUf < n^z F (m(suppT/ fe )), 
m(suppy fc ), if \\ykh F > r k ip LF (m(swppy k )). 



r k <PL F (d k ) < hkhp- (38) 
On the other hand, since r k > c k , we obtain 

r k (pL F (d k ) > ^\\ykh F , (39) 

whence d k > iPL F (\\yk\\L F /(2r k )). Hence, taking into account that F satisfies the A 2 - 

condition with constant C2 for all u > 0, the formula <fiL F (t) = 1/ F~ x {ljt) (see formula 

(9.23) in [20] on page 79 of the English version or Corollary 5 in [25] on page 58) and 
fl37|) . we have 

1 

d k F(r k ) > > ±- j (rfc) = i- / F[ft(t)] dt. (40) 



ISfcll 

Conversely, from the equality l/d k = F (l/(p LF (d k )), ( 138]) and ( )37|) it follows that 

1 

d k F(r k ) = J { \ k) < f (rfc) N = / F[fc(t)] dt. 



WkH, 



Now, by the definition of d k , we have d k < m(suppy k ). Therefore, we can define the 
scalar multiples of characteristic functions f k (t) := r k XB k (t), where B k C suppy^ and 
m(B k ) = d k . According to ( I38p . (139 j) and (I31)j) . we have 

^Hs/fclUir < 11/fclUip < llz/felliF)^ = 1,2,..., n. 
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Therefore, in view of (l32l) and (1331) . we obtain 

ran n 

iiEmi^ w Eml « Ew^ = 1 . 



fe=i fc=i fc=i 



with constants which depend only on p. Hence, taking into account that F satisfies the 
A 2 -condition, we conclude that (I34p will be proved once we show that 

n ra 

\\^2yk\\L F ~ \\^2fk\\L F 

k=l k=l 

with constants independent of n and y^. Since the functions fk (respectively, y^) are 
pairwise disjoint, in view of estimate (HTi) . we find that 

/in n n „i 

F[j2fk(t)\dt = E^ F ( r *)<E/ nut))dt 
k=i k=i fc=i ° 

n 

F[J2y k (t)]dt. 



< 



Conversely, by (1401) and (1351) . we get 

„1 n n „i n 

/ F[j2yk(t)\dt < e/ i 71 [yfcW]^+E m ( su PP^) F ^ 

70 fc=l A^l* 70 fe=l 

,1 n 



< C 2 / F[V/ fe (*)]d* + C 3 

- 70 k=l 



and we come to the desired result. 

In order to obtain the second assertion of the theorem it is sufficient to apply Corollary 
13.61 Lemmas 12.11 and 12. 2\ Proposition 12.31 and the elementary observation that condition 
(a) in that proposition implies the equivalence of F to an Orlicz function which is regularly 
varying at oo of order p. □ 



Remark 5.2. Arguing in the same way as in the proof of Theorem 15.11 we may obtain 
the following result: Let an Orlicz function F satisfy the A2- condition for large u and 
1 < p,q < 00. The Orlicz space Lp[0, 1] satisfies the upper p-estimate, respectively the 
lower q-estimate, if and only if there exsists a constant C > such that for any n G N, 
all pairwise disjoint measurable sets and reals c& we have 

n ra 

iiE c ^J^ c Eii c ^JU 1/p > 

k=l k=l 

respectively, 

n n 

Eii c ^JU 1/9 <^iiE c ^ii^- 

k=l k=l 
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However, an inspection of the proof of results from [19] (pages 120-121 and 124) shows 
that the first of these inequalities is equivalent to either of the following conditions: the 
Orlicz space Lp[0, 1] is p-convex or Lp[0, 1] satisfies the upper p-estimate or there exists 
an Orlicz function iq equivalent to F for large arguments such that Fi{u l ^ p ) is a convex 
function on [0, oo). At the same time, the second of them is equivalent to either of the 
following conditions: the Orlicz space Lp[0, 1] is g-concave or Lp[0, 1] satisfies the lower 
g-estimate or there exists an Orlicz function iq equivalent to F for large arguments such 
that Fi{u l l q ) is a concave function on [0, oo). 

The following result is analogous to Theorem 14.41 for Lorentz spaces. 

Theorem 5.3. Let F be an Orlicz function equivalent to an Orlicz function which is 
regularly varying at oo of order p G [l,oo). Then there is a weight w on [0,1] such 
that the Orlicz space Lp is w- decomposable and, consequently, the couple (Lp, Lp(w)) is 
K-monotone. 

Proof. By Corollary 13. 5\ it is sufficient to find a sequence of pairwise disjoint intervals 
{Afe}^ from [0, 1] such that for any n G N and aq, x 2 , ■ ■ ■ , x n G X satisfying the condition 
suppxj C Aj (1 < i < n), relation (jUJ) holds. 

First, since F is equivalent to a regularly varying Orlicz function at oo of order p, then 
Lemma 1 and a simple compactness argument (see also fL8[ Lemma 6.1]) show that there 
exists a constant C\ > 1 such that for every fceN there is v k > such that for all v > v & 
and u G [k~ 2 /8, 1] we have that 

F(uv) § u p F(v). (42) 

Let v > 0, e > be arbitrary and A be an interval from [0, 1] such that m(A) < 
e/F(v). Moreover, suppose that z G Lp, z > and supp z C A. Then 

/ F[z{t)]dt< F(v)m(A) <£. 

J{t£A: z(t)<v} 

Let {Afc}^ be a sequence of disjoint intervals from [0, 1] such that 

m(A fc ) < 2- fc - 1 (F(^ fc ))- 1 (A; =1,2,...). 
Then, as it was noted above, for every z G Lp such that z > and supp z C A^, we have 

F[z(t)]dt < 2- k ^ (k = 1,2,...). (43) 

{teA fc : z(t)<v k } 

Suppose that {x^^i is an arbitrary sequence from Lp such that %k > and supp Xk C A^ 
(k — 1, 2, . . . ). To prove © we assume that 

n 



. , II Lp 



1=1 



or, equivalently, 



n „ 

£ / F[zi(*)]<ft = l. (44) 

i=l J *4 



21 



If Aj := \\xi\\ LF (i = 1, 2, . . .), then < A; < 1 and 

dt=l (z = l,2,...). 





■Xi(ty 







Denote h := {z = 1, 2, . . . , n : Aj < r 2 /8}, 7 2 := {1, 2, . . . , n} \ Ji. Then 



e a ?4e 



2" 2P < -. 

~~ 4 

Now, let % G i-e., Aj > i~ 2 /8. Then, if Xi(t) > from (|42|) it follows that 



1 



C^F ^ < F[ Xi {t)\ < Ci%F 



L A,; 



Moreover, by (I45j) and (I45j) . we have 



{t&Ai:Xi(t)>XiVi} 



Aj 



> i _ 2-*- 1 > - 



di 



whence, taking into account the left hand side of f)47|) . we obtain 



F[«i(t)]dt > Cf 1 A p 



A, 



{teA 4 :x i (t)>A i i; i } 



L A,; 



dt > tCT Af, z G 7 2 . 



Combining this with ( 144)) and (|46|) . we get 

E A " = E A * + E A *^ 4 + f ^ E / * ^ 2 ^> 



i=l 



i=l 



and the first inequality in (Q is proved. 

On the other hand, using the right hand side of (1471) and (1451) . we infer that 



E 



{iSA i :2; i (t)>A i i) i } 



A,; 



dt 



< 



CiE A "- 



i=i 



At the same time, by (1431) and the convexity of F, we obtain 



E 



F[xj(t)]dt < E Ai 

{teAi:xi(t)<\iVi} ieh 



{teAi:Xi(t)<\iVi} 



Xi(t) 



dt 



< 



OO -. 

E2--4 



1=1 
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and, by (jUJ) and the definition of ii, 



Hence, taking into account (jSJ), we get 



/ F[ Xi (t)} dt < 




dt < -. 
~~ 4 



5^ / F[ Xi {t)]dt 



ie i 2 J{teAi:xi(t)>\iVi} 




i£l 2 J {teAi: Xi(t)<XiVi} 



F[xi(t)} dt 




From this and (148]) it follows that Y17=i -M* — V(4Ci)j and so the proof of © is complete. 

□ 



6 Ultrasymmetric Orlicz spaces and w-decomposa- 
bility 



In the previous sections we have examined the problem of the A'-monotonicity of 
weighted couples generated by Lorentz, Marcinkiewicz and Orlicz spaces. We have seen 
that the central role in the question is played by the notion of w-decomposibility. It turns 
out that studying the last property in a natural way leads to the so-called ultrasymmetric 
Orlicz spaces. 

Recall that a symmetric space X on [0, 1] is ultrasymmetric if X is an interpolation 
space between the Lorentz space A ipx and the Marcinkiewicz space M ipx . These spaces 
were studied by Pustylnik [27], who proved that they embrace all possible generalizations 
of Lorentz- Zygmund spaces and have a simple analytical description. Moreover, one could 
substitute ultrasymmetric spaces into almost all results concerning classical spaces such 
as Lorentz- Zygmund spaces, and so they are very useful in many applications (see, for 
example, Pustylnik [28] and [29]). 

Pustylnik asked about a description of ultrasymmetric Orlicz spaces (see [27], p. 172). 
In the case of reflexive Orlicz spaces this problem was solved in [4]: such a space is 
ultrasymmetric if and only if it coincides (up to equivalence of norms) with a Lorentz 
space A Pi¥ , for some 1 < p < oo and some increasing concave function tp on [0, 1]. 

As it was said above, the class of w-decomposable symmetric spaces is closely related 
to the class of ultrasymmetric Orlicz spaces. Our next theorem shows that in the case 
when a weight w changes sufficiently fast any u>-decomposable symmetric space with 
non-trivial Boyd indices is an ultrasymmetric Orlicz space. 

Again, as above, for a weight w defined on [0,1], let := {t G [0,1] : w(t) G 
[2 fc ,2 fc+1 )} (k G Z) and (wk)^Li be the non- increasing rearrangement of the sequence 



Theorem 6.1. Let X be a symmetric space on [0, 1] with non-trivial Boyd indices and w 
be a weight on [0, 1] satisfying the condition: 



(m(M k ))i 




there are k G N and c > such that Wk2 h > c for k > k . 



(49) 
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(a) If X is w -decomposable, then X is an ultrasymmetric Orlicz space. 

(b) If X has the Fatou property and (X,X(w)) is a K-monotone couple, then X is an 
ultrasymmetric Orlicz space. 

Proof, (a) Firstly, taking into account the boundedness of the dilation operator and The- 
orem 13.31 a symmetric space X is ^-decomposable if and only if it is f-decomposable, 
where v(u) = w(cu) for some c > 0. Therefore, we may assume that c = 1. Denote 
Ik := [2 _fc , 2 _fc+1 ), xi h := X-/fc/V(2~ fe ) (A; = 1, 2, . . . ), where ip is the fundamental function 
of X. From (1491) it follows that m(suppx/J < Wk for all k > k . Applying Corollary 13.41 
to scalar multiples of Xh — ^o), we get that {Xh)T=k s P ans lp f° r some p G [l,oo) 
(p ^ oo because the Boyd indices of X are non-trivial). Obviously, replacing (xi k )ffL ko 
with (xi k )T=i does not change this property, so for all a k G R (k — 1, 2, . . . ) 

oo 

fc=i 

Then, taking into account [U Proposition 2], we get 

X = (Li, L 00 )^^( 2 _ fc ) 2 _ fc )oo = ^. 

By Corollary 13.71 5^ = /?x < 1> Therefore, lim^oo ||cr t ||x-).xA = 0' an d we can apply 
Theorem II. 6. 6, p. 137] in the case when A is the identity operator, to obtain 



|x|| x ^||(^(2- fc )^(2- fc ))r=ill^ « 11(^)^(2-^)^11^ 



and we conclude that 

X = A^. (50) 

Next, denote 

n F(t) ~ {— T7TT if < t < 1, 

= / 4^' where F(t) = I * « " " 

jo £ L^c?) irt - i - 

Since F(t)/t is increasing on (0, oo), then F(u) is a convex function and for u > we 
have that 



F(m/2) < [ U ^-dt< F{u) < F{u). 

Ju/2 t 



>u/2 

Moreover, by Corollary 13 .7\ we have that 7^ = ax > 0, which implies that F satisfies the 
A2-condition for all u > 0. Therefore, for all u > 

F(u) > F(u/2) > cF(u), 

that is, the functions F and F are equivalent on (0, 00). 
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Now, we recall the following definition due to Kalton [18] (see also jl], where the 
notion is used): For an Orlicz function F and 1 < p < oo, define the function ty™ (u, C) 
for < u < 1,C > 1 to be the supremum (possibly oo) of all iV such that there exist 
1 < ai < a 2 < ■ ■ ■ < a N , > 2 for k = 2, . . . , N such that for all k either F ak (u) > Cu p 

or u p > CF ak (u), where F a (u) := ^r^y for a,u > 0. 

To complete the proof it suffices to verify that for some Co > 0, C\ > and r > we 
have that 

*^ P KCo) < C x vT r for all u G (0, 1]. 

Indeed, once it is done, we can apply Theorem 1 from [1] to conclude that the Orlicz 
space Lp is ultrasymmetric and that it coincides with a Lorentz space A p ^ generated by 
some increasing concave function ip. Since the fundamental function of Lp is equivalent 
to <f, then Lp = A Pi¥ ,, and, in view of fl50|) . the proof is complete. 

Since the functions F and F are equivalent, then, by [U Lemma 1], it is sufficient to 
prove the inequality for F, i.e., to prove that for some C > 0, C\ > and r > we have 

^ p (u,C ) < C lU - r for all u G (0, 1]. (51) 

In view of w-decomposability, Corollary 13 .7\ Lemma T2.2I and the inequality Wk > 2 _fc , 
there is a constant C > such that for any 1 = 1,2,... 

4^ £ ,i/p if <t<2-K 
<p(t) 

Since < ax < Px < 1 it follows that < 7 V < 8 V < 1. Therefore, from the definition of 
F it follows that both F and its complementary function satisfy the A2-condition. Hence, 
by Proposition 12.31 and by the definition of F once more, we obtain that there exists a 
constant C\ > such that, for any / G N and for all x > i 71_1 (2 z ), we have 

1 F(xF l l p ) Ci 
CJ ~ F(x) ~ T' 

By standard arguments, there are constants C2 > and C3 > such that 

C 2 -V < < C a uP, (52) 

F(a) 

for all < u < 1 and any a satisfying F(a) > C^2 U P . 

Suppose that 1 < ai < a 2 < ■ ■ ■ < Oat, - 2iL - > 2 for k = 2, . . . , N such that for all k 

F(ua k ) . onp F(ua k ) 1 

either ^3 > 2C 2 m or — < vr . 

F(a k ) ~ F(a k ) ~ 2C 2 

Then, by §2]), we have that F(a N ) < C 3 2 U ~ P , which implies ^(a^" 1 ) < C 3 2 U ~ P . Hence, 
iV < C 4 u~ p , that is, (u, 2C 2 ) < C 4 u~ p (0 < u < 1), and (EEJ is proved. 

(b) This part follows immediately from (a) and Theorem 13.11 □ 
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Using equality (150]) from the proof of Theorem 16.11 we obtain the following corollary. 

Corollary 6.2. Let X be a symmetric space on [0, 1] and w be a weight on [0, 1] satisfying 
the condition ( f^pp . Assume that either X is w -decomposable or X has the Fatou property 
and (X, X(w)) is K -monotone couple. If \px(t) = t 1 ' p for some 1 < p < oo, then X = L v . 

Remark 6.3. Using Krivine's theorem and the arguments from the beginning of the proof 
of Theorem \6.1l the last assertion can be proved for p = 1 and p = oo as well. 

Remark 6.4. It is well known that there is a regularly varying at oo Orlicz function 
F such that the corresponding Orlicz space Lp is not ultrasymmetric (see JTSj/j. Thus, 
Theorems 4-4 an d show that condition ( f^P| j on the weight w from Theorem \6.1\ and 



Corollary I6'.ifl is essential. 

Remark 6.5. Conversely, if Lp is an ultrasymmetric reflexive Orlicz space on [0, 1], then 
there is a weight w on [0, 1] such that Lp is w- decomposable and, equivalently, the Banach 
couple (Lp, Lp(w)) is K-monotone. In fact, in that case F is regularly varying at oo of 
order p G (l,oo) (cf. fcflj) and we can apply Theorem \5.3[ 

Examples. Theorem 15.31 guarantees that a weighted couple of Orlicz spaces (Lp, Lp(w)) 
on [0, 1] is i^-monotone for some weight w on [0, 1] if F is equivalent to an Orlicz function 
which is regularly varying at oo of order p G [1, oo). We present some examples of such 
Orlicz functions below. 

1. The function F(u) = u p (l + | lnu|) for p > (3 + v / 5)/2 is an Orlicz function on 
(0, oo) which is regularly varying at oo of order p (cf. [2U Example 4]). 

2. The function F(u) = u p [l + csin(plnu)] for < c < l/y/2 and p > (1 - 7=5)^ 
is an Orlicz function on (0, 00) which is not regularly varying but it is equivalent to u p 
and \u p < F(u) < 2u p for all u > (cf. [21 Example 10] and [25], Example 5 on p. 93 
with c = 1 / a/5 and p > 6) . 

3. Let an Orlicz function F be equivalent for large u to the function 

F(u) = u p (\nu) qi (\n\nu) Q2 . . . (In . . . \nu) Qn , 

where p £ (1, 00) and qi, . . . , q n are arbitrary real numbers. It is easy to see that F is 
equivalent to a regularly varying function at 00 of order p (in fact, the corresponding 
Orlicz space Lp is even ultrasymmetric [1]). 

4. Some more examples of Orlicz functions that are equivalent to some regularly 
varying functions at 00 of order p are given by Kalton pi 
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